We consider laser-pumped one-dimensional two-component bosons in a parabolic trap embedded in a high-finesse optical cavity. Above a threshold pump power, the photons that populate the cavity modify the effective atom trap and mediate a coupling between the two components of the BoseEinstein condensate. We calculate the ground state of the laser-pumped system and find different stages of self-organization depending on the power of the laser. The modified potential and the laser-mediated coupling between the atomic components give rise to rich many-body physics: an increase of the pump power triggers a self-organization of the atoms while an even larger pump power causes correlations between the self-organized atoms -the BEC becomes fragmented and the reduced density matrix acquires multiple macroscopic eigenvalues. In this fragmented superradiant state, the atoms can no longer be described as two-level systems and the mapping of the system to the Dicke model breaks down.
I. INTRODUCTION
Due to the rapid advancement of optics, electronics and optoelectronic devices, the field of cavity quantum electrodynamics has also received a growing amount of interest. From scalable quantum computers [1] [2] [3] [4] to controlling atoms in an ultracold atomic ensemble [5, 6] : atoms coupled to light in cavities have opened new fields of promising research. The experimental manipulation and control of ultracold atoms has drastically improved over the past decades. Considerable efforts have been put into the realization of cavity quantum electrodynamics (cavity QED) with trapped ultracold atoms in an optical cavity [7] . The Dicke phase transition has been demonstrated in Ref. [8] and various other setups [9] [10] [11] have simulated the Dicke model [12] since then.
The impact of realizing such models goes beyond the field of ultracold atoms. Namely, cavity QED provides hybrid quantum systems [13] [14] [15] [16] [17] that are one route to storing quantum information with long decoherence times. Indeed, ultracold gases are readily accessible and can have decoherence times of several seconds [15, 18] ; thus ultracold atoms and, in particular, their hyperfine states (usually the "clock states") have bright prospects for quantum information storage. Attempts to collectively couple the microwave hyperfine ground state of an ultracold atomic ensemble in a cavity QED setting with a superconducting resonator are already being pursued by numerous groups across the world despite the substantial technical challenges [19] [20] [21] [22] [23] [24] .
To be of use as a storage for quantum information, ultracold atomic systems will inevitably have to encode correlations and entanglement into atomic many-body states [25] . For instance, collision-induced highly entangled cluster states [26] [27] [28] can be used as initially prepared resource states to engineer measurement-based one-way quantum computations [29] [30] [31] [32] . In this work, we aim to take a first step towards an understanding of the interplay of correlations between ultracold atoms triggered by their interparticle interactions and their coupling to a cavity. Our results are promising to open up new paths on how to experimentally control multicomponent condensates through optical cavities. Such a control would provide an essential building block in the development of scalable quantum computers involving systems of ultracold atoms [33] .
Interestingly, cavity QED can also be used to mediate interactions between atoms within an ultracold atomic ensemble [10] . In the dispersive regime, a transverse pump beam is coupled to the longitudinal atomic motion of the ultracold gas. The atomic motion, in turn, may populate the cavity modes. Thus, depending on the pump power, a self-organization of the atomic density is triggered [10, 34] . It is possible to resonantly control these interactions: in a spinor, two-or multi-component condensate the atomic states can be coupled with each other via an optical [7] or a microwave cavity [19, 24] .
Cavity QED with ultracold atoms is essentially described by the same Hamiltonian for both microwave and optical cavities. For the microwave case a different coupling scheme is used [19] and the photon recoil can be neglected as the wavelength of microwave radia-tion is much larger than the typical size of the atomic cloud. For optical cavities, however, the photon wavelength is smaller than the size of the ultracold cloud and the photon recoil is therefore not negligible: the structure of the cavity mode influences the physics of cavity QED systems with an optical cavity. In recent years cavity QED experiments with ultracold atoms in optical cavities have evolved substantially [35, 36] . This development motivates us to study optical cavities in this paper. Our model is directly applicable to microwave cavities as well. However, due to the absence of photon recoil, the emergent physics are likely to be different for microwave cavities.
Theoretically, cavity QED can be described by the Tavis-Cummings Hamiltonian or generally the Dicke model [12, 37, 38] . For the case of ultracold atoms in a cavity, the mapping to the Dicke model represents a simplification that is justified as long as the considered atomic ensemble can be appropriately described by twolevel systems. However, in a degenerate ultracold ensemble, the atoms are moving and interacting with each other and the Dicke model may thus break down [39, 40] . Furthermore, the physics can change dramatically with dimensionality: the original proposal [19] to couple ultracold atoms to a superconducting microwave cavity, for instance, neglected the interparticle interactions and thereby the interesting correlations that emerge in onedimensional multicomponent condensates [41] .
For multicomponent BECs, the basic model is the Gross-Pitaevskii equation which is a mean-field approximation and, as such, neglects correlations [42] [43] [44] . The inclusion of atom-atom scattering together with atomcavity coupling is, however, likely to affect the correlations between the atoms. Such non-trivial correlations are beyond the realm of mean-field theories and entail many-body effects.
A representative example of such a many-body effect is the so-called fragmentation [45, 46] of the BEC. Fragmentation can be quantified using the reduced one-body density matrix (RDM); if the RDM has only a single macroscopic eigenvalue the system is said to be condensed [47] , while if the RDM has more than one macroscopic eigenvalue the state is said to be fragmented [45, 46, [48] [49] [50] . Fragmentation has been recently demonstrated to emerge in single-component ultracold bosons coupled to a singlemode cavity for pump powers roughly four times as large as the pump power necessary to drive the system from the normal to the superradiant phase [39] . Importantly, fragmentation and consequently correlations are also known to be present in spinor condensates [41, [51] [52] [53] [54] .
We study the many-body physics of a one-dimensional two-component Bose-Einstein condensate in an optical high-finesse cavity as a function of the power of the applied transversal laser pumps, see Fig. 1 . We consider a setup where the photons that populate the cavity mode through Raman scattering modify the one-body potential of the atoms and mediate a coupling between the two components of the BEC, see also Ref. [55] . We go beyond Ref. [55] and exploit the capabilities of the Multiconfigurational Time-Dependent Hartree Method-X (MCTDH-X) [41, [56] [57] [58] to accurately [59] [60] [61] include interactions and correlations between the atoms trapped by an external confinement. To this end, we extended the MCTDH-X software [58] to interacting bosons with internal structure [41] that are coupled to an optical cavity. We use MCTDH-X to find the ground states and investigate the density, momentum density, the effective potential, fragmentation, cavity population, and polarization (i.e. the fraction of atoms in each component) of the ground state as a function of the strength of the pumps.
We find that the combined system of atoms and photons undergoes two transitions. For moderate pump powers the atoms self-organize; the system is described by the Dicke model and exhibits a transition from a normal to a superradiant phase. For larger pump powers in the superradiant phase, the reduced one-body density matrix of the atoms acquires several macroscopic eigenvalues -the BEC fragments and the combined system enters the fragmented superradiant phase [39] . Together with this second transition, an almost complete polarization of the atoms emerges and, simultaneously, the two-level description of the atomic ensemble -and therewith the Dicke model -breaks down.
This paper is structured as follows. In Sec. II we introduce the Hamiltonian, the quantities of interest and the method used. In Sec. III we describe our results on the many-body physics of ultracold interacting twocomponent bosons with cavity-mediated coupling between the components. A short discussion and outlook follow in Sec. IV.
II. SYSTEM AND METHOD
The time-dependent one-dimensional many-boson Schrödinger equation in dimensionless units [62] iŝ
Here, |Ψ is the many-body wavefunction of N bosons in M single-particle states
where,b † k is the bosonic creation operator acting on the vacuum |vac , n k is the occupation of the k-th single-particle state and C n (t) is a time-dependent coefficient. The sum in Eq. (2) runs over all configurations n = (n 1 , ..., n M ) with a fixed number of particles
Since the bosons have two components the single particle states ϕ * k (x; t) associated with the creation operatorŝ b † k are mutually orthonormal vectors,
One dimensional quasi-condensate in a high-finesse optical cavity. The ultracold two-component bosons are pumped by two transverse pump beams that couple to the transitions between the atomic states | ↓ and |1 and between | ↑ and |2 with Rabi frequencies Ω1 and Ω2, respectively (see dashed box). The coupling to the cavity is given by G(x) = g0 cos(kcx) for both transitions, see text. In the selforganized phase, the cavity mode is populated (blue dashes) and acts on the atoms as a potential and effective coupling between the ↑ and ↓ component.
made up of two functions φ ξ, * k . Here 1 ξ denotes the unit vector in the space of components. In the following we use the term "components" to refer to the contribution of the φ ↑ (x; t) k and φ ↓ (x; t) k functions to the many-body state |Ψ , while we use the terms "orbitals" or "singleparticle states" to refer to the vectors ϕ k (x; t), respectively.
The position-space Hamiltonian of the ultracold system of two-component bosons coupled to the cavity readŝ
Here,ĥ(x; t) is the one-body operator that contains the kinetic energy, the confinement potential V (x, t), and a cavity-mediated term V cavity (x, t), i.e.,
The action of the cavity photons on the atoms is given by the one-body potential V cavity (x):
The diagonal terms V , induce a cavity-mediated coupling between the components [55] :
The parameters U ↑,↓ describe the depths of the cavitymediated optical lattices for the two components, with k c andδ being the wave vector of the cavity mode and the offset between the two optical lattices, respectively. The cavity pump power η governs the coupling between different components. The cavity field amplitude α is given by the following equation of motion [39, 55] :
where ∆ c is the detuning of the cavity frequency with respect to the laser pump and the decay rate κ accounts for photons leaking out of the cavity. Here, we also introduced the matrix elements
The U kq matrix elements define the back-action of individual atomic components on the cavity field amplitude α. The elements η kq define a coupled back-action of both atomic components on the cavity field amplitude α and are zero for polarized atoms. We note that the single distinction of the mathematical framework for the description of microwave cavities as opposed to optical cavities is the magnitude of the cavity wave vector k c : for microwave cavities, the cos(k c x) terms in equations (7), (9),(10) could be considered constants.
To complete our mathematical description, we consider an identical parabolic confinement for both components of the atomic cloud,
and contact interparticle interactions of atoms within the same component,
We fix the interaction strength to be weakly repulsive [41, 64] .
In this paper, we use the multiconfigurational timedependent Hartree method for indistinguishable particles software [58] to solve Eq. (1) for the many-body ground state of N = 100 atoms in M = 3 single-particle states coupled to Eq. (8) for the population of photons in the cavity.
To compute the ground state, we propagate the coupled Eq. (1) and Eq. (8) in imaginary time to damp out all excited states. Note that the populations of the different components are varying in the process of imaginary time propagation, as the excitations of the system may have a different atom numbers in the components. The obtained ground state distributions of atoms between components are such that the total energy of the system is minimized.
We remark that we work in dimensionless units throughout by dividing the many-body Hamiltonian by 2 mL 2 where m is the mass of the considered particles and L the unit of length. For example with 87 Rb atoms and L ≡ 1µm, the longitudinal extent of the system we consider is roughly 4 to 6 microns, yielding roughly 15 to 20 atoms per micron [62] . Furthermore, atomic losses are neglected in this work.
We investigate a cavity with parameters related to Esslinger's experimental setup with an optical cavity [8] and consider a two-component system with two transversal pumps and the coupling scheme illustrated in Fig. 1 , see also Ref. [55] . The pumps and the cavity are farred-detuned from the atomic transition. We define the atomic and cavity detunings ∆ 1/2 and ∆ c , in terms of the energies of the involved states |1 , |2 , | ↑ , | ↓ , respectively, E |1 = ω 1 , E |2 = ω 2 , E |↑ = ω ↑ , E |↓ = ω ↓ . We fix E |↓ ≡ 0 and obtain the detunings:
We assume that these atomic detunings are large enough compared to the kinetic energy in the excited states |1 , |2 such that we can eliminate them from our description, see Ref. [55] for details. We consider twophoton Raman transitions to be close-to-resonant, i.e.,
. The coupling of the | ↓ (| ↑ )-component to the atomic excited state |1 (|2 ) is G(x) = g 0 cos(k c x). The cavity pump power is η = g0Ω1 ∆1 = g0Ω2 ∆2 , the cavity detuning is ∆ C = −42992, the cavity lossrate κ = 5555, the k-vector of the cavity k c = 4.9, the cavity-atom coupling U ↓ = ∆2 is a Stark-shifted two-photon detuning [55] .
In dimensionalized units [62] , we have (∆ c , κ, U ↑ , U ↓ )=(−2π × 4.987 MHz, 2π × 0.6444 MHz, 1457.7 Hz, 728.849 Hz).
III. POLARIZATION AND FRAGMENTATION OF TWO-COMPONENT BOSONS IN A CAVITY
We now discuss the physics of the ground state of the two-component BEC as a function of the cavity pump power. As quantities of interest, we use the reduced onebody density matrix
, and the amplitude of the cavity field |α|. Since we consider two-component bosons, the densities are also two-component quantities. The quantity 1 ↑ ρ(x) is the component density, as it gives the density of the ↑ component; likewise for the ↓ component. The sum of the component densities is the total density. Figs. 2(a)-(c) show the component densities together and the total density as a function of the pump power η.
Examining the density and its components, already reveals rich physics: close to zero pump power η each component sees a potential that is almost harmonic as the cavity population α is zero [see Fig. 2 (e)-(f) and Fig. 3(a) ]. The respective densities are therefore Gaussian-shaped and show no spatial modulation [ Fig. 2(a)-(c) ]. In the mapping of the system to the Dicke model, this absence of spatial modulation corresponds to the normal phase [11, 12] . In the normal phase, the momentum distribution has a maximum at zero with no secondary peak [ Fig. 2(d) ].
As the cavity pump power crosses a threshold value of η c ≈ 25, the cavity field amplitude [ Fig. 3(a) ] increases and the atoms self-organize into a periodic structure as a consequence of the cavity-mediated potential [cf. Eq. (7)]. This self-organization is a hallmark of the transition of the system to the superradiant state of the equivalent Dicke model [11, 12] .
With a further increase of the pump power, i.e., η ∈ [25, 120] the atomic ground state becomes polarized in an almost purely ↑-component state due to the cavitymediated potential and coupling between the components Fig. 3(a) ] change sign at the pump powers η where the density (potential) changes from a two-to a three-hump and from a three-to a four-hump (-minima) structure in the superradiant phase. The self-organization of the two-component system results in the formation of peaks at ±kc in the total momentum distribution. The emergence of fragmentation [cf. Fig. 2(d) ] leads to the formation of additional structure with a spacing of about kc/3 in the momentum distribution. See text for further discussion.
[see Eq. (7) and Fig. 2(e),(f) ]. This polarization can be quantified by the fraction of atoms in the ↑ component, Fig. 3(c) . At pump powers above η ≈ 120, less than 1% of the atoms are in the ↓ state. The observed self-organization behavior can also be understood as a consequence of the cavity-mediated change of the one-body potential, V ↑,↓ (x) + V cavity ↑↑,↓↓ (x): the density of both components [cf. Fig. 2(b) and (c)] is intuitively located at the minima of the potential [cf. Fig. 2(d) ]. The real and imaginary parts of the cavity field amplitude α [panel (a)] change sign at the pump powers η where the density changes from a two-to a three-hump and from a three-to a four-hump structure in the superradiant phase [cf. Fig. 2(a)-(c) ,(e)-(f)], see green/black (gray/black) part of |α|-plot in panel (a) and text for further discussion.
We now turn to the emergence of correlations in the many-body state; for this purpose, we use the eigenvalues {n k ; k = 1, ..., M } of the reduced one-body density matrix ρ (1) (x, x ′ ). We quantify fragmentation by the fraction F of atoms that does not correspond to the largest eigenvalue n 1 :
The fraction F is 40% at zero pump power, see Fig. 3(b) . This finding is a consequence of the slightly different interaction strengths of each component as well as the offsetδ of the component potentials; if both interaction strengths were set equal andδ zero, a two-fold frag-mented state with n1 N = n2 N ≈ 50% would be obtained as the ground state, because this configuration minimizes the contribution of the interactions [see Eq. (12) ] to the total energy.
When the atoms self-organize at η c ≈ 25 and the Dicke model equivalent to the system becomes superradiant, fragmentation and F are almost zero. For the range η ∈ [25, 600] of larger pump powers, however, fragmentation significantly increases; F is larger than 0.5 above η ≈ 400. The emergence of fragmentation is accompanied by a sharp growth of the atomic polarization. Above a cavity pump power of η ≈ 120, the system is completely polarized and almost all bosons sit in the ↑ state. The ↑ component is thus in a fragmented superradiant phase analogous to the one found for a single-component Bose-Einstein condensate in a cavity in Ref. [39] . This fragmented superradiant phase goes beyond the twolevel physics presupposed in the Dicke model [12] for the single-component case [39] .
Since the observed fragmented state in our twocomponent system is similar to the fragmented superradiant state found in Ref. [39] , it is of interest to assess the (in)applicability of the Dicke two-level picture for the present two-component case as well. For this purpose, we analyze the momentum density in Fig. 2(d) .
The momentum density clearly demonstrates that the Dicke model whose momentum states are at k = ±k c and zero, qualitatively describes the physics of the system only for cavity pump powers η for which fragmentation is essentially absent: the momentum density is essentially a three-humped structure with maxima at k = ±k c and zero for pump powers η 250. Here, we omitted the analysis of the component momentum densities because the ground state is almost completely polarized already for pump powers η much smaller than 250.
As the system enters the fragmented superradiant phase for η 250, the Dicke model becomes inapplicable: we observe the emergence of additional structure with a kc 3 -spacing in the momentum density in our simulations in Fig. 2(d) . We verified with an MCTDH-X simulation including M = 4 orbitals that the kc 3 spacing is not a feature of the applied approximation. Note that the momentum density corresponds to the diagonal of the reduced momentum density matrix ρ (1) (k, k ′ = k). This is a marked difference between the present and the fragmented superradiant state found for a single-component system in Ref. [39] . In the single-component case, the Dicke model also breaks down in the transition to fragmented superradiance; however, a structure with a kc 2 -spacing is formed in the off-diagonal of the reduced momentum density matrix, ρ
(1) (k, k ′ = −k) while the momentum density ρ (1) (k, k) is Gaussian-shaped.
IV. CONCLUSIONS AND OUTLOOK
We have investigated the many-body physics of ultracold laser-pumped two-component bosons in a cavity.
Above a first threshold of the pump power, the atoms self-organize and the system enters a superradiant state that is qualitatively described by the Dicke model. When the power of the laser pumps is increased the bosons become polarized. Above the pump power necessary for this polarization, fragmentation and correlations between the atoms emerge gradually: the reduced density matrix of the superradiant atomic ensemble acquires multiple macroscopic eigenvalues and the Bose-Einstein condensate becomes fragmented. A kc 3 -spaced pattern in the momentum distribution of the bosons heralds the breakdown of the Dicke model and the transition to a fragmented superradiant state. Our findings can be detected by a straightforward measurement of the atom numbers that populate the components and the momentum density after time-of-flight expansion.
We stress that our study explicitly includes correlations and investigates a system that is a promising candidate for ultracold-based quantum computation [25] . Understanding and possibly controlling correlations triggered in ultracold atoms interfaced with cavities enriches the field with an important contribution towards the generation of a scalable quantum computer.
We thus applied a many-body theory, the multiconfigurational time-dependent Hartree method for indistinguishable particles, and described different phases and their correlation properties; we demonstrated rich physics that result from an intricate interplay of polarization, self-organization, correlations and fragmentation. To enable a protocol that manages the correlations of the system, further studies are needed to understand the behavior of the emergent effects as a function of the offset δ and the couplings U ↑ , U ↓ . Future studies may also include interparticle interactions between atoms in distinct components, multi-modal [65, 66] and microwave [19, 20] cavities, or consider more than one spatial dimension. Furthermore, the non-equilibrium dynamics of self-organization [40] or the investigation of fermionic systems [67] or systems with cavity-mediated long-range interactions [10, 68, 69] are of exceptional interest.
